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Abstract: In the present paper, the author has studied about the structures which are the
products and ratios of statistically independently distributed positive real scalar random
variables. The author has derived the exact density of Generalized Gamma density by the Mellin
Transform and Hankel Transform of the unknown density and after that the unknown density
has been derived in terms of I-function by taking the inverse Mellin transform and Inverse
Hankel Transform. A more general structure of generalized Gamma density has also discussed.
Special cases in terms of H-function are also given.
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I. INTRODUCTION

Generalized Wright's Function s R (a, b; ¢, w: y; z) defined by Dotsenko [1. 2] has been
denoted as

[(e) & Tla~+k)T(b+k2) 4

sRi(a, bie wip;z) =

T T(@I() / T(e+rk=s) &l
T(e) C (a1 (b.2),
g e £ P (1.1)
T(a)T(b) > ' (=3 -
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The H-function 18 defined by means od a Mellin-Barnes type integral mn the following
manner (Mathal and Saxena 1978)

I'ral "-111']' -3 'za}l- ‘—lpl

g nLE Ly m.nf_lep.dz) _ m,m .
H(z)=H,;"(z) = H} "> (bo.Bg)l = Hi" |z

(b1, By), ., (by, By)
—J—fﬁffﬁs (1.2)
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Where

B(s) =

(13)

The I-function mtroduced by Saxena [6] will be represented and defined in shghtly dif-
ferent manner as follows:

’V [aj-aj]'l_n-_ [a'_l'i-aji:lr!-i-l_pg -‘
] — LT M _ ML, 71
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{ (b5, Gi)1m. (Bji. Bji)Jmt1a J

1
=—] B(s)z""ds, (1.4)
o J, fe= s 4
Where 1 = I.‘_—l}%._ = 0and :7° = exp/—sin 2 +iargz], where |z represents the natural
logarithim of |z|.
Here
oo T (1 = by = 35T T (s + 0is)}
For R =1, the I-function reduces to the H-function.
The Mellin transform of f({x)denoted by M f(x):s or F(s) 13 given by
- = ‘l
Mﬂmw:f = f(2)dx (16)
0
The Hankel transform of f{x)denated by H,f(x):p or F.(p) 15 defined as
Bf@ip= [ el(pe)f(@)d (1.7)
0

Il. GENERAL STRUCTURES
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A real scalar random variable x 15 said to have a generahized gamma density when
the density 15 of the form

r 3'10 5"-'- a—1 —oa'aﬁl{r by wrptpat) {} A 0 {} 3 {}
: y 2 e, b6 I A~ - -
{' gR]{a.b;c..a';y;pj]"{ﬁ';ija € L = U - o = U =

flz) =
| 0, elsewhere
(2.1)
Let E denote the mathematical expectation.the h** moment of 2, when 2 has the density
m (2.1}, 15 given by

rmh\ B 1 r[ﬂ'l'f;:-f'hj f‘z 2}
1 JI - ‘Fl% r(a-;frn | L

For Re(a +tm +h) >0

Usually, m statistical problems. the parameters are real; hence. we will assume that the
parameters a. o and 3 are real Let

U = T1La.... Ty (2.3)

Where z; has the density in (2.1) with the parametersa; > 0,0; > 0.5, = 0,7 =12, .k
and let x1. ..., @ be statistically independently distributed. In the standard terminology
In statistical literature the h** moment of u. when u has the density in (2.1). 1s given hy

E(u*) = [E(z})][E(25)]...[E(2})]

: 1tk
1 ]_-Irﬂ.+ir.?.+ ,|
I B
k sty
A7 4j

J

=TT, (2.4)

For Re(o; +tm+h) =07 =1,2 __k

Conszider a set of real scalar random variables 21 ..., 2 mutually independently distributed,
where s; has the density 1n (2.4),(2.5) and (2.6)respectively with the parameters

(a;,7;,m;,9;);7 = 1, ..., k and consider the productu = 21...x,

Then the Mellin Transform of g(u) 15 obtained from the property of the stastical ndepen-
dent and are given by
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For Re(aj +tm+s—1) >0
The unknown density g(u) of u 1s available in terms of I-function by the mverse Mellin
transform of (2.5), that 1s,

1

A

E_ RO ARy oo 1 0<y< ‘
o = { Mot Bl iy, L0 <o 26)
J
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IL 0. elsewhere

The Hankel transform of g(u) 13 obtained from the property of the stastical independent
and are given by

H[l{-_]’r,[pu.]] - H:‘T'l. ‘LJ'ZP‘T'I. ]:H‘liljrf[p‘rQ,:'HIf jy[p:":i: I]

o ART(aEml ) -
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ol T L
AP (=)

For Re(a; +tm+s—1) >0
The unknown density g(u) of u 15 available from the inverse Hankel transform of (2.7),
that 1s.

( —5+ .

[EAT N, S, 0<u<eo |
= { N—5— 5 -:TJ.}:.I‘— lf28}

|

L 0.elsewhere

If we consider more general structures in the same category. For example, consider the
structure

w =af x>0, =1, .k (2.9)
Where x1 ..., x;, mutually independently distributed as 1 (2.3). Then, the Mellin trans-
form of g[ij 18 gIven as
- e—11 AE‘%T[aHm "‘_L.J .
Mui | = Hle = (2.10)

. = N o= 1 Y
AT T(2E)
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For Re(a;j +tm+s—1) >0, > 0.

The unknown density g(uy) of uy 15 available from the inverse Mellin transform of (2.10),
that 1s,

AL
] HJ,_,—QL_,L‘TI;EH WA w| D5, J0<u<oo ‘
glu) = i (=5 =1k (2.11)

il 0. elsewhere

The Hankel transform of g(uq) 15 obtained from the property of the stastical independent
and are given by

HlunJ,(pw)] = Hla]' J, (p] )| Hlz3 L, (pa3)).. Hlap 1, (pzi)]

TS 012)

—r . 1
‘;1 ER 1—[ n\-l-?n. )
JJ'

For Re(o; +tm+s—1) > 0,7, >0,s=v+2r+2 > 0.

The unknown density g(ug) of uq 18 available from the inverse Hankel transform of (2.12),
that 1s,

r =

J -
B A 1—a-+rf.§ f[ﬂf_pi Sy SO \
glur) = | IR e (2.13)

| 0.elsewhere
Where Rela; +tm+s5—1) =0~ =0 s=v+2r+2 =0

A More General Structure We can consider more general structures. Let

UL [

w=—— 2.14)
Lyt oooe T ( )

Where x1. @, are mutually independently distributed real random variables having the
density n (2.1) with z; having parameters o, 3;:j = 1, ...k, Then the Mellin transform
of the density g(w) 1s given as,

Mw'™Y = Mz Mz Mz 5] Mz Y] (2.15)
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For Re(a; +tm+(s—1)) = 0

The unknown density g{w )1s obtained by taking the inverse Mellin transform of (2.16). That

15

1
437 1
g(w) = Ty ———Hy [ A w| 500 ]
' TR T et

o FEim+1l
_SLi {1——%.L]:J="+1...._E_

L2 Ay P ° (2.17)
For Re(a; +tm = (s—1)) = 0.
The Hankel transform of the density g(w) of w 15 given as
H:'?_t-‘JI,[:OTt-‘:I: - H[.’t“[ ”Ei':p“v'l \-I:H‘IE Jrr[p‘rill]Hm"E»'rpl‘}l']
Hlz7 J (perly)] Hlzy T (pay )] (2.18)
5L ¢ aj+tm—1 5 1 ( o +tm+1 5 3 ]
A7 [rEdml oy e) ettt . )
=L |~ ) (2.19)
TEL A AT J

For Re(a; +tm+(s—1)) =0

The unknown density g{w )iz obtained by taking the inverse Hankel transform of (2.19). That

18
oo f TR f-lj = 0 N [
glw) =L (ol oy Hy I A wl vt

- {1——-';.LJ:J="+1.....F.-_

ot LY T M (2.20)
For Re(a; +tm*(s—1)) = 0.

Now, we consider more general structures in the same category. For example, consider
the structure
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wy = —d?_+l — (2.21)
3.,‘,._,_1 ---‘T,r:
Where @4, ..., &;, are mutually independently distributed real random variables having the
density in (2.1) with z; having parameters a;, 3;:j = 1, ..., k, Then the Mellin transform
of the density g(w) 1 given as:

M[w{™] = M2 M2 G0 20500 M ) (2.22)

PR DyE Y Y P
L R R R B (2.23)

e =+ e
2 PR B

For Re(a; +tm £ (s—1)) = 0,4; = 0.

The unknown denzity g(w; jis obtained by taking the inverse Mellin transform of (2.23). That

15

3

2 .
;1_3: 2
(wi) = My =2 I M A wi | o5, s,
glwi, J—ll—-lzﬂ.;i} 0.r =14 1 (—%J-_—S?);jzl_....r]
] —=L {I—m.i‘b_]d:f%l._._k_ _
]I A Ty (2.24)
For Re(a; +tm £ (s—1)) > 0,4; > 0.
The Hankel transform of the density g(w1) of wy 15 given as
Hlw1J, (pw)] = H(zs, J.(pa]') H[z3 . (pe3?)].. H [zl T, (pal )]
% Hlz ' J, (pz 2. Hz; % J,(pa; )] (2.25)
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L e e Y
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For Re(a; +tm=(s—1)) = 0,0; > 0.
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The unknown density g(w; )is obtained by taking the inverse Hankel transform of (2.26).That
is

i
=
AP 4
a1 kK _ "3 ?“.0 T P —
g(u"l,} J{ }]'_‘[J lr(o —tm) T H "1 IL-|| a!+fsn o! %-’;’]:_,f:l.....r
i j
%.L (1— E.‘%L_Lu— 1k
0.k—r k L
x Lo |14 u,l|____ ’ (2.27)

For Re(a; +tm £ (s—1)) > 0,0; > 0.
ITII. SPECIAL CASES:

for setting R = 1 in (2.6),the unknown density g(u) of u is available in terms of
H-function. that is.

( En 1
Mt — 2 HMO[IE_ A™ o ~m1oor 1.0 < u < oo
o) =1 . Em =141 Ul agtrm— U =D <D ;
9(u) = JELp(Z ) ORISR etk (3.1)
i) i) Lot ]

0, elsewhere

For 3; =1.j = 1..... k. the H-function reduces to the G-function.

On taking R = 1in (2.8)The unknown density g(u) of u is available in terms of H-function,
that is,

.g_
I ()1} —;J:n—H S[IT%_ 4 et 1,0 < u < o
g{.u} — ’ =1 =1 |—-5'+aj—.E}Zj=l ..... k (3‘2}

0, elsewhere

For 3; = 1.j = 1..... k, the H-function reduces to the G-function.

For R =1 1in (2.11)The unknown density g(u,) of u; is available in terms of H-function,
that is,

1% —t Hy o [T 4 u |______.__.. .0 <u< oo
_ j=1 n+1n j=14 1] a;4+tm—y; v, . )
Q{lh) — T(—Lt— —"TJ-.E-J_L].J—L....A (33}

l 0.elsewhere
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If we put R = 1 mn (2.13), The unknown density g(w1) of w1 15 available in terms of
H-function, that 1s,

( en k7]
A; B0 5;
| F N g ] A P
) J, J_Ir{a +rw} 0.k 1_[_|-=1A
glm
|
|
1
L

I e oL Sy
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Where Re(a; +tm+s5s—1)>0,v;, >0 s=v+2r4+2 = 0.
For 3, =1=1;,j =1, ..., k, the H-function reduces to the G-function.
[f we put R = 11n (2.17), The unknown density g(w )is obtained in terms of H-function. That

15

1
4% 1
fant — TTH '] .0 r AR |——————
g\w) —HJ=1WH0.~- {HleAJ Wit }
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e H;:_‘I,u [H: +‘l '1 s u_,||____sj
For Re(a; +tm=£(s—1)) = 0.

For 3, =1.7=1,.... k the H-function reduces to the G-function.

If we put R = 11n (2 20) The unknown density g(w)is obtained in terms of H-function That

15

& N
w) = J,(p) TP =2 Hy® |TU_ A w| oy
9( ) (p) 3_1r(n-;:fw.} 0.5 |: =1 {__‘JrS-'E" 1_%}};;‘: T
— (- L=tk
xHYF T, g A P55 (3.6)

For Re(a; +tm=E(s—1)) = 0.
For 3, =1.j =1,.... k, the H-function reduces to the G-function.

Now, we consider more general structures i the same category. For example, consider
the structure

If we put R = 11n (2.24) The unknown density g(w; Jis obtained in terms of H-funetion That

18
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ER

A% 4
fary — TTE 2 n0 |y 5 ——————
g\wi) = nJ=11—,m—fm ,HD.-- n_i'=1f1j V1] ajem—id; 37, . o
T/ (== "5 )0=
I d; . v Htm R
—= (1 L) y=r+1 -’—I
0. k—r k B; 3; M o
CHM T A T | (3.7

For Re(a; +tm = (s—1)) > 0,4; > 0.
For 3; =1=4;,j =1, . k. the H-function reduces to the G-function.

[f we put R = 11n (2.27). The unknown density g{w; )is obtained in terms of H-function. That

15

=)

A .
glw) = J(p) T —L—H;?!
)

f e jtnt
(2

IT_ A7 w7355

J J jrm—ay ag . |
( o .3‘;]:.1:1....."

] =

CHOF T T G A Py | (3.8)

& . xjtmd; d; .
—=L Lj—ill_ﬁ.%J:_JZ"-l'l.....-'.‘]
J

For Re(a; +tm = (s—1)) = 0,4; = 0.

For 3, =1=4;,j =1,.... k, the H-function reduces to the G-function.
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